We evaluate gauge invariants, action and gauge invariant overlap, for numerical solutions which satisfy the "a-gauge" condition with various values of a in cubic open bosonic string field theory. We use the level truncation approximation and an iterative procedure to construct numerical solutions in the twist even universal space. The resulting gauge invariants are numerically stable and almost equal to those of Schnabl's solution for tachyon condensation. Our result provides further evidence that these numerical and analytical solutions are gauge equivalent. *
Introduction
The string field theory is expected to be a candidate for nonperturbative formulation of the string theory. The study of solutions of string field theories is important for understanding nonperturbative phenomena in the string theory.
In particular, since Schnabl constructed an analytic solution [1] for tachyon condensation in the framework of cubic open bosonic string field theory, there have been a number of new developments in this field.
A prominent feature of Schnabl's solution is the potential height at the solution, which is given by the evaluation of the action and is proved to be equal to the tension of D25-brane analytically as is consistent with Sen's conjecture.
Other gauge invariant observable, which is called gauge invariant overlap, was calculated for Schnabl's solution with an analytic method [2, 3] and with the L 0 -level truncation approximation [3] . The value suggests that the solution may be related to the boundary state for D-brane [2, 4] .
On the other hand, before advent of Schnabl's analytic solution, the numerical solution in the Siegel gauge was constructed using level truncation approximation and its potential height was evaluated [5, 6, 7] . It is almost the same as D-brane tension. In [3] , the gauge invariant overlap for the numerical solution was computed and it turned out that the value is almost the same as that of the analytic solution. These results are consistent with the expectation that these solutions may be gauge equivalent.
Actually, there are other numerical solutions. Here, we focus on the solutions in Asano-Kato's a-gauge [8] which was proposed as a consistent gauge fixing condition with a real parameter a corresponding to the covariant gauge in the conventional gauge theory. Using this gauge, numerical solutions for tachyon condensation were constructed and their potential heights were evaluated with level truncation up to level (6, 18) in [9] . We construct numerical solutions in the a-gauge for various a for higher level and evaluate gauge invariants, action and gauge invariant overlap, for them [10] .
It turned out that the values for each configuration approach those of the analytic solution with increasing level. This fact implies that these numerical solutions in the various a-gauges, not only in the Siegel gauge, are all gauge equivalent to the Schnabl's analytic one. Namely, these various solutions may represent a unique nonperturbative tachyon vacuum in bosonic string field theory. Furthermore, our numerical results may indicate that the level truncation approximation not only in the Siegel gauge but also in the a-gauge would be reliable in order to investigate nonperturbative vacuum in bosonic string field theory.
The rest of this article is organized as follows. First, we review gauge invariant overlap in §2 and a-gauge condition in §3. Then we explain our method to construct numerical solutions in §4. In §5, we display our numerical results. Finally, we give conclusion in §6.
Gauge invariant overlap
The gauge invariant overlap O V (Ψ) is defined by contraction of an open string field Ψ and an on-shell closed string state. More precisely, O V (Ψ) can be expressed as
where γ(1 c , 2)| is the Shapiro-Thorn vertex [11] and |Φ V is given by a matter primary field V m (z,z) with dimension (1, 1): string field, δ Λ Ψ = Q B Λ + Ψ * Λ − Λ * Ψ, which leaves the action
invariant.
Let us evaluate the gauge invariant overlap for Schnabl's solution for tachyon condensation Ψ Sch [1] , which can be expressed as
with a particular string field ψ r :
where B| is the boundary state for D-brane. In order to get nonzero value
for zero momentum open string fields, we take the dilaton state with zero momentum as an on-shell state:
where V 26 is the volume factor.
Asano-Kato's a-gauge
The a-gauge condition, proposed by Asano and Kato in [8] , in the classical sector, namely the worldsheet ghost number one sector, 2 is defined by
Here, a is a real parameter and the operators M andQ are specified by an expansion of the Kato-Ogawa BRST operator Q B with respect to ghost zero mode:
In the case a = 0, the condition (7) is equivalent to the conventional Feynman-Siegel gauge. Actually, by investigating the massless sector explicitly in the quadratic level of the string field action including spacetime ghost fields, the parameter a corresponds to the gauge parameter α in the covariant gauge in the ordinary gauge theory as α = 1/(a − 1) 2 [8] .
In the case a = ∞, the condition (7) is given by b 0 c 0Q Φ 1 = 0 and corresponds to the Landau gauge.
We should note that, in the case a = 1, the condition (7) is ill-defined at the free level because it becomes b 0 c 0 Q B Φ 1 = 0, which can not fix the gauge perturbatively.
Construction of numerical solutions
Here, we explain our strategy to construct numerical solutions in the a-gauge.
We use an iterative procedure, which was used in the case of the Siegel gauge in [7] . Firstly, as an initial configuration Ψ (0) , we take
which is a unique nontrivial solution in the lowest level truncation in the agauge. Then, if we have Ψ (n) , we specify the next configuration Ψ (n+1) by solving following linear equations:
where
The first equation is the a-gauge condition for Ψ (n+1) and the second one comes from the equation of motion:
P is an appropriate projection operator to solve the equations. In our numerical computation, we take P = c 0 b 0 for simplicity. If the above iteration converges to a configuration Ψ (∞) , it satisfies the a-gauge condition and
which is a projected part of the equation of motion. In order to confirm the whole equation of motion (12) for the converged configuration, we should check the remaining part:
where 1 − P = b 0 c 0 in our case.
Actually, we performed the above procedure numerically with the conventional level truncation. We constructed the a-gauge numerical solution for various a with (L, 2L) and (L, 3L)-truncation, where L denotes the maximum level (eigenvalue of L 0 + 1) of the truncated string field and 2L or 3L indicates the maximal total level of the truncated 3-string interaction terms.
Starting from (8), we continue the above iterations until the relative error
, where (· · · ) denotes the Euclidean norm with respect to an orthonormalized basis. Then, we find that
holds for the obtained configuration. For various a, except for the dangerous region a ∼ 1, which is near to the ill-defined gauge condition perturbatively as we noted in §3, we find that the configuration reaches this accuracy limit after ten iteration steps or less.
For each obtained converged configuration, we computed the left hand side of (14) and checked that various coefficients approach zero and
is also vanishing with increasing the truncation level. Therefore, we have regarded our obtained configurations as numerical solutions in the a-gauge with respect to the whole equation of motion (12) and evaluated gauge invariants, action and gauge invariant overlap, for them.
Evaluation of gauge invariants

Gauge invariants for the numerical solution in the Siegel gauge
In the case of the numerical solution in the Siegel gauge b 0 Ψ = 0, which is the case a = 0 in terms of the a-gauge, computation is easier than the case of other value of a. We performed the numerical computations up to level L = 20. 
, which is equal to the Dbrane tension. Up to the level L = 18, the above data are consistent with those in [7] . Table 2 : The value of the gauge invariant overlap for the numerical solution with (L, 2L) and (L, 3L) truncation in the Siegel gauge. The values are normalized by the analytic result for Schnabl's solution (6).
In Tables 1 and 2 , we show our numerical results. The values of the action overshoot 100% of the D-brane tension for L ≥ 14 as in Table 1 . This phenomenon has been reported and expected that the value will come back to one for further higher level in [7] . On the other hand, the values of the gauge invariant overlap monotonically approach the analytic value of the Schnabl's solution as in Table 2 although the approaching speed is rather slow compared to the behavior of the action.
Anyway, our results in Tables 1 and 2 seem to imply that these (normalized)
gauge invariants become the value of one for L → ∞. If so, these give evidence of the gauge equivalence between the numerical solution in the Siegel gauge and Schnabl's analytic one [3] .
Gauge invariants for the numerical solutions in the a-gauge
Here we show the evaluation of the gauge invariants for numerical solutions in the a-gauge. For various a in the region a 0, a ≫ 1, the normalized gauge invariants, action ( Fig. 1 ) and gauge invariant overlap (Fig. 2) , approach the value of one with increasing level. The speed of approach to one for the gauge invariant overlap is slower than that of the action as in the case of the Siegel gauge (Tables 1, 2) . Although only a = 1 gauge is ill-defined at the free level, interactions are included in the numerical calculations and hence the values in the region near a ∼ 1 are unstable. In fact, the iterations do not converge in the dangerous region near a ∼ 1. Fig. 3 shows that both (normalized) gauge invariants for numerical solutions in the various a-gauges tend to converge to one with increasing truncation level.
Namely, in the limit L → ∞, 
Conclusion
We have evaluated gauge invariants (action and gauge invariant overlap) for numerical solutions in the a-gauge by level truncation. We have used an iterative method to construct these solutions and have checked consistency 
